Abstract. We give an elementary description of the maps in the linear strand of the minimal free resolution of a square-free monomial ideal, that is, the Stanley-Reisner ideal associated to a simplicial complex . The description is in terms of the homology of the canonical Alexander dual complex . As applications we are able to prove for monomial ideals and j = 1 a conjecture of J. Herzog giving lower bounds on the number of i-syzygies in the linear strand of j th -syzygy modules.
Introduction
The goal of this paper is to describe in a simple topological fashion the maps in the linear strand of the minimal free resolution of a Stanley-Reisner ideal. It is an outgrowth of two recent trends in the theory of minimal free resolutions. The rst is a series of results 1, 2, 4, 5, 7, 20] giving explicit descriptions of the maps in the minimal free resolutions for various classes of ideals. The second is the realization that when dealing with resolutions of Stanley-Reisner ideals I associated to a simplicial complex , it can be easier to work with the canonical Alexander dual (see 3, 8, 14, 22] ). Our description of the linear strand for the resolution of I will be in terms of natural maps on the homology of links of faces in .
We note that our description of the linear strand is in some sense not new, as it may be derived with a little work from known results 1, 2, 7, 9, 15]. However, the exact form in which we describe the linear strand seems not to appear elsewhere, and we give an elementary proof of its correctness here. This form is extremely useful for certain applications. In particular, in Section 4 we use it to prove for monomial ideals a special case of a conjecture of J. Herzog 13] , asserting that when the linear strand of a homogeneous j th -syzygy module contains p-syzygies for some p > 0 then it must contain at least p + j i + j i-syzygies for each i < p. Recall, a j th -syzygy module is a module that occurs as the kernel in the (j ?1) st -homological degree in the resolution of a nitely generated module N over the polynomial ring A. For example any ideal I in the polynomial ring A is a rst syzygy module, since strand can be written using only 1 coe cients whenever is a pseudomanifold, and exhibit a small example of a non-pseudomanifold where this fails. Section 6 gives the entire resolution explicitly when is the complex of independent sets of a matroid.
Minimal free resolutions and notation
We rst review minimal free resolutions and their linear strand. Let When I is generated by square-free monomials, it is traditional to associate with it a certain simplicial complex , for which I = I is the Stanley-Reisner ideal of and A=I is the Stanley-Reisner ring. The de nition of as a simplicial complex on vertex set n] := f1; 2; : : : ; ng is straightforward: The minimal non-faces of are de ned to be the supports of the minimal square-free monomial generators of I.
Since I respects the ne N n -grading by monomials on A, one can nd an N n -graded minimal free resolution for I as an A-module, and de ne for any monomial x i;x := dim F Tor A i (I; F) x :
Instead of working with (as in 16]), we will instead work with a certain canonical Alexander dual , 
Note that in the exact sequence (3.2) we have suppressed the eld coe cients F for notational convenience, and we will continue to do so when it causes no confusion.
We point out for future use that if one is given an explicit representing cycle z 2H dimK (K), then one can obtain @ K;v z very explicitly in two di erent ways. On the one hand, from the de nition of the maps in any Mayer-Vietoris sequence, To prove injectivity, we use the following lemma. This concludes the proof of Theorem 2.
4.
A conjecture by Herzog in the case of monomial ideals In this section we prove for monomial ideals a conjecture by J. Herzog 13] . Conjecture 4 (Herzog 13] ). Let M be a j th -syzygy module over A = F x 1 ; : : : ; x n ] which is homogeneous with respect to the standard grading. If M has non-zero psyzygies in its linear strand for some p 0, then it will have at least p + j i + j i-syzygies in its linear strand for each i.
A monomial ideal I is a rst syzygy module. This concludes the proof of Theorem 5.
5. Pseudomanifolds and a counterexample In this section we give some consequences of Theorem 2. It is easy to see for any monomial ideal I, the matrix entries in the maps in the multigraded minimal free resolution will always be single terms, that is a monomial times some coe cient. We show that the coe cients occurring in the linear strand can always be chosen to be 1 whenever is a pseudomanifold, and give a non-pseudomanifold example where this property fails. To see this, let ? i (resp. ? 0 j ) be a gallery-equivalence class of d-faces (resp.
(d ? 1)-faces) for K (resp. link k v), which gives rise to an orientation cycle z ?i (resp. z ? 0 j ) over F. Then it is easy to check from the description @ K;v = v that the coe cient of z ? 0 j in @ K;v (z ?i ) will be 0 unless any chosen (d ? 1)-face F 0 in ? 0 j has the property that F = F 0 fvg is in ? i . In the latter case, the coe cient will be and can be described in the following fashion: The induced subcomplex of on the vertices f1; 2; 3; 4; 5; 6g is a minimal triangulation of the real projective plane having the property that 123 is not a 2-face, and is obtained from this subcomplex by adding the three triangles v1; v2; v3. One can think of these three triangles as a subdivision of the missing 2-face 123. It is easy to check that the order in which the maximal faces of are listed above is a shelling order, and hence is Cohen-Macaulay over any eld F, so that I always has a 3-linear resolution whose Betti numbers are independent of F (see 8]). The complex has the interesting property that even though it is shellable and homotopy equivalent to a 2-sphere, the orientation cycle inH 2 ( ; F This resolution has all 1 coe cients in the maps except for the last map A 1 ?! A 10 , which contains some coe cients of 2. Call this Macaulay resolution M . We now assume that we have such a multigraded minimal free resolution F which uses only coe cients 1, in its maps, and will reach a contradiction.
Obviously, the map A 13 ?! I in F must simply list the minimal generators of I , possibly with 1 coe cients in front, so without loss of generality, we may alter the basis for A 13 in F by signs so that the coe cients are all +1, as in M . Since the edges e = v1; v2; v3; 16; 26; 36; 46; 56 have links in which are 0-spheres, they each give rise to a unique 1-syzygy having multidegree complementary to e by Theorem 1. In M these 1-syzygies have only 1 coe cients, and so F must choose a 1 multiple of these same syzygies, hence we may assume that the columns of the map A 21 ?! A 13 in these multidegrees are the same as in M . A similar remark applies to the vertices v; 6 whose links in are 1-spheres, once we note for reasons of multidegree that the unique 2-syzygies to which they correspond will only involve the 1-syzygies which correspond to the edges e listed previously, and hence are the same in F as in M . Let us name the basis elements of A 10 corresponding to these two 2-syzygies by e v ; e 6 , respectively, in both M and F . Lastly, we compare the unique 3-syzygy in M and F . In M , this 3-syzygy has coe cient x 6 on e 6 and 2x v on e v . Since F does not have characteristic 2 or 3, there is no way for F to rescale this unique 3-syzygy to have both a x 6 on e 6 and x v on e v . Contradiction. 
